Fall 2023 Math F251X
Calculus I: Midterm 2

Name: SOKW{“; Uy

Rules:

e Partial credit will be awarded, but you must show your work.

You may have a single handwritten 3” X 5" notecard, both sides.

Calculators are not allowed.

Place a box around your ] FINAL ANSWER \ to each question where appropriate.

Turn off anything that might go beep during the exam.

Good luck!

Problem Possible Score
8
7
18
11
12
12
10
12
10
Extra Credit 5
Total 100
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Math F251X Calculus I: Midterm 2 Fall 2023

1. (8 points)
Consider the function f(x) = Vx.

a. Determine the linear approximation L(x) of the function at the point a = 64 = 43,
{ - C‘ ta - - 2/3 o
‘p()(x &(K )‘ 5)( = j(fﬁ)L
| - ——'— = 1 = _l 2
F6eD= Zar ™ 316 " 43
Llpd)= ¢
So L= 7x(x-6%)+ 4
48
b. Use the linear approximation you just found to estimate V70.

3% % L(70)= 5 (70-6cA+d
= :/;‘(C)-l—tf = _é_"‘"“F

(NO{(%;LSW&W 70 showtd be a Qe bit baawf%ﬁ-*\
/‘{)VO(M ¢ s

2. (7 points)

Consider the function
j(t) = cos(f) + (sin(r))>.

Determine the absolute minimum and absolute maximum values of j(¢) on the interval [0, 7]. Show your
work.

T a0« 25aDan(D T 2O L
l
/}'l'(t\:o = Sin (_%)-‘—O a3~ -1 +o)u>s't—‘0=> CDS(‘&B= /'L.

=> ’&: O & ‘é’:wZS 6%
t= v

'é)(o\ = (o3 (D) + Gale)Y= I 'g(wﬁ Cos () +(gin (1)) =
Absolute maximum: ol 1 ( U]g} = COS( 763 t SM( 7‘5>2 /2 C};

Absolute minimum: =\

+ .:-3 _2-
2 < 4
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Math F251X Calculus I: Midterm 2 Fall 2023

3. (18 points)
4
. . X . N .
Answer the questions below about the function f(x) = —. It is a fact that after simplification,
e

3y —
P =200 and o =

X

X2(x —6)(x —2)

You must show your work and justify your conclusion with a few words or a computation. Make sure
someone else can follow your work.

a. Determine the intervals where f is increasing and where f is decreasing. Show your work.

£'()=0 = y=0 o x=4 LD = (D=9

MA¥

_— = "3(‘)(‘)

L'(X e DNE, saa e¥ >0 fr all x " =(_
! 3
x| to 1 4 % £ ()=-(0 (l—q):(__x_\
I . -
| — 0 + o) - | . . o
-F 7\ f (5_> (Y——B+< ):(—)(+)(+)
1N,/ V i
MIN

- Y, o0

Increasing: (O / L(\ Decreasing: ( 2, O)U ( ! 3 (If none write “none”.

b. Fill in the blanks: f(x) has a local maximum at x = 4 and a local minimum at x =
@) (If none, write “none”.)

c. Find all intervals where f is concave up and where f is concave down. Show your work.
L'")=0 = X=0 o X= b o x>z
{L"(¥) nawtr DNE _F"(_‘S,_ + ()R = A}
<1 -l O 2 2 ( 7 _F\'(I)=+(’3(—>—‘+

N = <4\~ )( +) = -
o)+ + - + £ (3 ¢ 0
" -
7y + (DG *
'S RV Ra TN ol
- 50
Concave up: ( ™~ Dy (L' )Concave down: ( 2) 63 (If none write “none”.
d. Fill in the blanks: f(x) has (an) inflection point(s) at x = 2 ) b (If none, write “none”.)
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4. (11 points)

Fall 2023

Sketch a graph of a function A(x) that satisfies all of the following properties.

After drawing the graph:

e Label on the graph the following things, if they exist, by drawing a point on the graph and labeling:
any local maximums by writing LOCAL MAX, local minimums by writing LOCAL MIN, inflection

points by writing IP

e Draw any horizontal and vertical asymptotes with dashed lines and label them with their equation.

e Mark any important x-values and y-values on the x- and y-axes.

Properties:
e The domain of A(x) is (—oo, 00)
e i(-2)=4and h(2) =0
e //(x) > 0whenx < -2

ncr. Yo ¥=-2
e //(x) <0when x> -2

deer @v x> -2

h’(x) <Owhenx <0

h”(x) > 0 when x > 0

CD+ O
Cu a»{?\'-V‘O

lim h(x) = —oo

x——00

lim A(x) = =5

X—00

L[ — ’ﬂ,\m 1S no
o~ P Jocal i |
_lz Z_
_c L - - — —
@k&z—{ s HA
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5. (12 points)
An open box is to be constructed by cutting squares out of the [ x _x[]]

four corners of a 3 foot by 3 foot piece of cardboard and folding X1
up the sides. (See the diagram. Note that the box will not have !

a lid, and the height of the box will be x feet.) 31t

xwé‘?—?qux

a. Write an equation for the volume of the box in terms of the variable x.

V(D = % (3-29) (3-250
= (3 -2)(2-2%)
S0y - (F -8 - dxC = - 2 4

b. Determine the dimensions of the box with the largest volume. Show your work, and use calculus
to justify that your answer is the maximum. Include units in your final answer. An answer with no
clear justification will not receive full credit.

V(D)= 12X - 24+ @ = (98- 8x+3) = i agyy 4
= 3(2% - 1)(2¢ — 32D

Vi =0 2 x=' o ><=3/2

]\{04& domain ¢ [O) S/z] Clacle wrtn 27 doiv et
Vv(0)=0 V()= o2 -2 Y
V(32 =0 5 V() - 224 <0
V(Y= 3 (32 =, i, nded, N
= ,'Zml -y = s
ARS

So X="h is e max,

VD‘&U“ Y:L/‘z) 3-QAx= é’Z(L/?,\=3—f:2—

Y/
Dimensions: length: P width: z height: Zz
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6. (12 points)
Evaluate the following limits. Show your work. If you use L'Hdpital’s rule, you must indicate where you

’

. . .. H L'H . .
are using it by writing = or = or something similar.

a'lim?ax——xB'—l ~I—UP¢ 3—2" :—(09—

D L 3D - 34
X9 |

3 2%(3\ - 3(4) = P{ﬁn () - Ia

1

b. llmﬂ
x=02sinx — 2 -LMFL Q(O\) >
= 0
-7
=0 (No U wedud! weoon i daluae ss Linih
bé\ Lreck dubbshdubon!

. Inx Qo
c. lim — ~(-1opc. o

X—00 X
= Luem »Q—_L[_\é

%=X 60 K‘/?.
2t L/y ( X‘/;. ) ! _
— v = v, = 0O
= Lm = Mm 2% X< ‘QK/Z
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7. (10 points)

A giant ice cylinder, being prepared for the World Ice Art Championships, is carved

to have a radius of 100 cm and a height of 300 cm. The cylinder is uniformly melting, ~_——
which means that the ratio of the radius to the height remains constant: specifically, [~—___
% = % If the height is decreasing at a rate of 2 cm/hour, how fast is the surface area
changing when the cylinder is 150 cm tall? h

Write your answer in a complete sentence, using units.

Recall that the surface area of a cylinder with radius r and height & is — ="
S = 2xrh + 271’
KVU)U)" ib} = 92 CM/I,\ OL"LJ r:‘é" h
At

Work 25 whun W =150cm

At
q = o?.’w(—lﬁ o+ ey (-"‘»\Z

3 > |
= 2wy, 2w T = BT 23

3 2 K 500
E(’S- = l_h"_l‘_l' l d’—l'—t
At o

The hard o ok 2@(%"’\ + ,—f%"r\) + 41\Jr%

ond Tz tu= 8roLdh 4 g whon W10, r= 10 = 55 lya db = — 2

8 At 3 A6 3 ) AE
;1%: der (L0 2 (D) + dae( ) E) dr -2
= Qeor(-100 +(-109)) + —-4-(0_(;1,»
= - doont - 4021'? = — 2000 _ T4poT . — (600 T vl
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8. (12 points)

A portion of the function

) V25-x* -5<x<5
xX) =

—%(x -5 x=5
is graphed below.

\
4

AN
~
=

g

9
a. We want to approximate f f(x) dx using three right-hand rectangles.
0

1. Draw the three right-hand rectangles on the graph. Lightly shade them in. Make sure I can tell
where your rectangles are and try to be reasonably precise.

9
ii. Now approximate f f(x) dx using the three right-hand rectangles. (Your answer should be a
0

number.) )\{O‘k 0 ( ¢) =
Ao, N 3(4\—@ 3(“/-&) + 3(“7—3 ’2(6'35’ -

= 5(2"'/1,) :
— 3 _
"303) =%

9
b. Use geometry to compute x) dx exactly. Show your work. “« . .
geometry p fof( ) y y TWes i negaki e becacme ({,

Ola = (Owed B( Y arle) + (anen a‘( A "‘Jao%e,(,ah.s,.
= L) - 2(HNE) =|a5T_y
ot
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9. (10 points)

a. Determine H(6) = f 6> + (sec(d))* + 5 d6. (Give the most generic answer.)

S’/g
MY O~ | tan0 + 56 +c¢
/3
b. Determine G(x) = f % dx. (Give the most generic answer.)
-2 -3
G ()= g e & v Lode = fILH v v x d¥
x* X
_ + 2 X
- 14x e X L.
— "‘__Z_
Tl -2 — =5 4

e

< Al
c. Find two different antiderivatives for the function f(r) = 4¢' + %
T qe* wmmltlic
So Q daffrent onb denvah o

F (0= de + el + 12
F (D= Ue® a1

Fall 2023
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k' of some function k.

(5 points) The left-hand graph shows the | DERIVATIVE

44
The derivative k’(x)

3| (s 1P

2 - |

N €D TP
- ‘ > cau
—-12-11-10 -9 3 4 - \ .

M (N
R 2

The following questions are about the original function k(x), not the graphed £’(x).

a. At what value(s) of x does k have a local maximum or minimum? If none, say so. Write some words
to explain how you know that these x-values correspond to a local max or min (or not).

Local Max: x = none Local Min: x = 2

at =2, £ 4o A ALgahve st = N T
That Vs no plaw ol ¢! e IOD%"HN%%QHW'

b. At what values of x does k have inflection points? If none, say so. Write some words to explain how
you know that these x-values correspond to inflection points (or not).

-7 and X= —I

Inflection points: x =
X ==, e daneire of ¥ (%‘\“S\‘@w%@%
Y o4 — omdatx=-t, £ 8/5*%\ — Yo +

c. Sketch the graph of the original function k(x) on the axes to the left of the derivative, using the fact
that k(—7) = 1. Your sketch does not have to be to scale, but it should show the right information
regarding increasing/decreasing/max/min/concavity/inflection points. Mark important values on the
x— and y-axes.

10 vl



