Math F251 Final Exam

Name: S 1 ONS

Rules:

You have 2 hours to complete the final exam.

Partial credit will be awarded, but you must show your work.

You may have a single handwritten 3 X 5 notecard.

Calculators are not allowed.

Spring 2023

Place a box around your ’ FINAL ANSWER ‘ to each question where appropriate.

Turn off anything that might go beep during the exam.

Good luck!

Problem Possible Score
1 8
2 8
3 8
4 10
5 12
6 10
i Y12
8 12
9 12
10 8
Extra Credit 5
Total 100
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1. (8 points) Evaluate the limits. An answer without clear, mathematically precise work, will not earn
full credit. Any use of L'Hopital’s Rule should be indicated using an H over the equal sign.

(a) lim (_ﬂl) — hm X = I = ’-Lf
x—1 cos(Zx - —
= T o
| - sn(Zx) 2 T
o
QDYVV‘ o

(b) lim (l—x ) 72 _ l
x—m /,‘3 - — _ﬂ_
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T
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2. (8 points) Find the derivative. You do not need to simplify your answer.
(@) B(x) = (1 + Vx)In(5x* + x)
0x+1

R'K)- a L 3% In(5:) + (141%) (5 2 X

(b) cos(2x) + xe” = 4y* (Find Q)
=2sm(zd) +1. &3 + xeJ c_)_g - }23 '&
-2s5m(2x)+ e -—.aoz,j - xe‘j)

%_} — 2sm(2)+ 65;
d lZ:f’—-X e’ 2
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3. (8 points) Evaluate the integrals. You do not need to simplify your answer.

() f (3 sec?(0) + g +1In(2))do

= 34an(d)+ b h[B| + B8 In(@) +C

. dt
=2 (T

= 2 axa—Hm(%i:‘B +C_

Nw

= Bard—-an<’2§f3"' C
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4. (10 points) An box with a square base and an open top has volume 4000 cm?®. What dimensions of

the box will minimize its surface area?

Spring 2023

You must show your work and use calculus to justify your answer.

(a) Draw and label a diagram. Then write an equation for the surface area of the box in terms of a

single variable.

0B /= xz‘j — 4oooem

3

S Lﬁﬁqoooiz
2 2, 4y (Jw00 5
Q= X 4—4%3 = X 44

So QCQ = )(Z.L /6 000 X.) oh (0,00)

(b) Use Calculus to find the dimensions of the box that minimize the surface area.

%'C%—) = 2x -1b00O 2:2 =6

24— 16000
X
2
X = 6000
X=20cm
q'_/'
- Y600
lﬂ'———-*“”flz/%%g':/ocm

Fust Dor.Zest

/
C | |
O 20 /00

&)= 2 16000 <0

8'00) = 200 - 18222 > 5

70000
Q6 Q has & minimum
ax x:Zoc_m) (j=/0¢w\
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5. (12 points) The velocity of an object is given by v(r) = on the interval [0, o), where v is

?+1
measured in meters per second and ¢ is measured in seconds.

(a) Find an expression for s(z), the position of the particle at time ¢, if s = 1 when ¢ = 0.

809 (. s b (D wC

when 120, 1=8(H=LInD+C =0+C. Se C=1.

(D) =1+ In( %)

(b) Find an expression for a(?), the acceleration of the object at time z. Z

al) = D@D _ A1 -2t |-

(7)) T )

(c) Determine at what time, ¢, is the velocity of the particle maximized. Use Calculus to show that

your answer is correct..
maximize V) . ale) 70, oa(1090< 0

Observe alt)=0 velocidy 1S maxim'lz-ecf
when £ =%1. e 1.
Dr\lj t=) |s in domain.

Lah 0 - = Ssign of
— —  alt)

.

- /00
o 1

T
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6. (10 points) Use the axes below to sketch a graph of a function g(x) that satisfies all of the conditions
in the bulleted list. Make sure to label any asymptotes, minimums or maximums, and inflection
points. (See check list.)

e g(x) is continuous on its
domain (—o0, 1) U (1, 00).

o
(®)s-D=1gD=0& Q‘a@.d-
() lim g0 =, va. x=1

lir{1+ g(x) = —o0

e ¢’(x) > Oon
(-1, 1) U (1, 00)

e g'(x) <0on(—oco,—1)
e g’(x)>0o0n(-3,1)

e 2”(x) <0Oon
(=00, =3)U (1, 00)

(
f (
. ¢
Did you .... ¢
O label any asymptotes with its equation?

O label any maximums or minimums with local min, local max, absolute min, or absolute max?
O label any inflection points with inflection point?
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7. (12 points) The rate of change of the volume of water in a tank is given by
(1) : t=5
r(t) = <t —
2

where r is measured in liters per minute and ¢ is measured in minutes since the monitoring began.

(a) Compute r(0) and r(30). Then explain what these numbers mean in language the general public
would understand.

r(e) =-5 L/m'th'b (‘630\ = 15-5=10 L/min
When moni—]vv'ms )%53)'\5) +he Fank S /os':hj watey ot a

rat of 5 L Py m‘mwk. 7}4'1r-|j m’,yw;J-q, /a'/'U’) +he
r at arate o 10 L per

_)»qh\c 1S 3a'm'lnj w adt
minuk .
(b) Compute the net change in the volume of water in liters from time ¢ = 0 to time ¢ = 10.

10 2 /D
net ~ g 1y _g)dt= L t ’S’tj
o(z_t 5 L{ R

c\/\AnﬂL -

.
= L (10) -S(d-[ g] = 35-50= -25L

(c) Attime ¢t = 0, the tank contains 200 liters of water. What is the volume of water in the tank at
time ¢ = 10?

Volume ot = 200 -25=[F5)
t=/0
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8. (12 points) Consider the function f(x) with domain [—3,4] graphed below.

S
2 77777777777777T777777"F 7777777777777777777777777777777777
N
L 3 ®
x
1 2 3 4
—1 N
_2 ,,,,,,, Lo Lo 1 [ P
(a) What is the value of £(4)? 2

(b) What is the value of f'(2)? -1’

(©) EvaluateL7f(x)dx. = (2 + 4 l.PD - (5’,) = L[{

The following questions concern A(x) = f f(s)ds.
0

d
(d) What is the value of A(4)? = g’ ‘F[%\ds: -;—’"{Z-’—'L/
o

(e) What is the value of A’(6).

(f) Does A(x) have a maximum? Explain your answer.

/
Yes ot )(sb) Al=0 and A
Changes from Positive 4 Mﬁfn/ 2
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9. (12 points) The temperature of a cup of coffee is modeled by the function
() =110e"'° 1 40

where f is measured in degrees Fahrenheit and ¢ is measured in minutes after the coffee was poured
into the cup.

(a) Compute f7(0). Then explain what this number means in language the general public could
understand.

£ - 1/0.(-_/;0.3 Q‘t/“

00N = =1l °Flmim

The le,mpe,ml-ure. of +he COF-F& 1S e CM&S;I'\Zf

ot o vate of Il °F per minhule when +the

coffeeis $irsh poured.

(b) Compute lim f(¢). Then explain what this number means in language the general public could
1—00

understand.

: 110
im  §o = im R o= 70
t a0 1200

In Hhe long run, The kac,m-/-arc:
ot +he Coffee a-;oproache.? Y0 F.
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10. (8 points) The radius of a spherical balloon is increasing at a rate of 2 cm/s. At what rate is the
surface area of the balloon changing when the radius of the balloon is 5 cm? (Note that the surface
area of a sphere is given by S A = 4772.) Include units with your answer.

dr

1t = 2

Cind dSA hen =5
At

dsh s _ gr(5)(2)

At at )
50 77 CM/S

i

Extra Credit (5 points) The graph of the function f(x) = %xS -x- i is shown.

J)

a. Suppose Newton’s method is used to find an
approximate solution to f(x) = 0 from an initial
guess of x; = 1. Sketch on the graph how the
next approximation x, will be found, labeling its
location on the x-axis. 1

b. For x; = 1, give a formula for x,. You do not ~.
need to simplify, but your answer should be in a N
form where a calculator would compute a numeri-

cal value.
£

= £ (x) -

XZ-—
R Z'
- - E \—\-
X\ T -1 -

r — 2 _
gt ] 2 |
Q




